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Outline

Weekly Objectives

Week 8: Integration of Rational Function.

The student is expected to be able to:

© solve integrals of rational functions (Partial fractions).
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Integration of Rational Function

Method of Partial fractions

Definition 2.1

Linear Factor:

A linear factor is a polynomial of degree 1. It has the form ax + b
where a, b € R and a # 0.

Such x,3x, and 2x — 7

Definition 2.2

Irreducible Quadratic:

An irreducible quadratic is a polynomial of degree 2. It has the
form ax® + bx + ¢, where a, b, c € R and b?> — 4ac < 0.

Such x*> +9 and x% 4+ x + 1.
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Integration of Rational Function

Method of Partial fractions

What is the Partial Fraction?

It is re-expressing a rational function (a ratio of polynomial

function ) as a sum of simpler fraction.

Lot () = G =
oXM 4+ by xM=t 4 ...+ by 1x+ by

rational function, where P(x), Q(x) are polynomials, we have two

cases:

be a

© degree P(x) < degree Q(x) use method of partial fractions.

@ degree P(x) > degree Q(x) use long division of polynomials,
then use method of partial fractions.
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Integration of Rational Function

Method of Partial fractions

How do we create partial functions?

Q If we can write Q(x) as a linear factors
box™ 4+ bix™ L4 b by X+ by =(x—a)", acR, meN
Ao AL Am—1
Then: h(x) = =) + (x—a)m 1 +'”+E’mEN
@ If we can write Q(x) as a irreducible quadratic factors
box™ by x™ kb 1x+ by = (ax?+bx+c)", a,b,c €N
and b2 —4ac <0

Then: h(x) =
Box + Gy Bix+ G o Br_1x+ Ch—q
(ax2 + bx + )" (ax2+ bx + c)n1 ax?+bx+c
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Integration of Rational Function

Method of Partial fractions

Some time we can write Q(x) as a product of linear factors and
irreducible quadratics.

Then A A A
0 1 m—1
h = -
S o Rl e s SR
BOX + CO + le + Cl + Bn—lX + Cn—l
(ax2+ bx +¢)"  (ax®>+ bx +c)"1 ax2+bx+c’
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Integration of Rational Function

Method of Partial fractions

X
Determine the partial fraction for:
X

x—3 A B
(x —2)(x+2) X—2+X—|—2:>X (x+2)+ B(x—2)
x=-2=-5=-4B=B=2

x=2=-1=4A= A=

So: x—3 B -1 5
O —2(x+2)  Hx—2)  a(x+2)
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Integration of Rational Function

Method of Partial fractions

Now Integrate:
Determi / X=3
etermine | ————dx
x2—4

/xx;—idx N / [4(;—1 )t 4(x5+ 2)

:—_Tlln‘x—Z‘—}—Zln‘x—i—Z‘—i—c

dx
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Integration of Rational Function

Method of Partial fractions

)2( —3 dx
x< 4 4x
Note that degree P(x) < degree Q(x)

x—3 x—3 A

Determine

B
x2+4x  x(x+4) x+x+4 X (x+4) + Bx
x=-4=-T7T=-4B=B=1
x=0=-3=4A= A=
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Integration of Rational Function

Method of Partial fractions

Now we can write:

I
x2—4x  4x  4(x+4)

x—3 -3 7
/X2—4xdx_/4xdx+/4(x+4)dx

3 7
:—Z|n|xy+1|n|x+4y+c

B In|x+4\%

In [x|7
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Integration of Rational Function

Method of Partial fractions

Determi / -2
etermine | ————————dx

: x3 4 3x2 4 2x
Note that degree P(x) < degree Q(x)

x? =2 x? =2 A B C
X3+3x2—|—2x_x(x+2)(x+1)_;+m+x+l
= x?—2=A(x+2)(x + 1) + Bx(x + 1) + Cx(x + 2)
x=0=>-2=2A=A=-1
x=-2=2=2B=b=1
x=—-1l=-1=-C=c=1
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Integration of Rational Function

Method of Partial fractions

Now we can write:

x2 -2 -1 1 1

><3+3x2+2x_TJr +2+x+1'

/ X -2 dx / / 1
x3 + 3x2 4 2x x+1

—In]x|+|n|x+2]+|n]x+1\—|—c
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Integration of Rational Function

Method of Partial fractions

Example 2.4

3 — 22 1
Determine | = XX dx
x4 +5x2+4
Note that degree P(x) < degree Q(x).

We can write: x* +5x% + 4 = (x? + 4)(x? + 1)

X3-224+x+1 Ax+b Cx+D
x*+5x24+4 x2+4 0 x2+1
= x3—2x2 + x+ 1= (Ax+ B)(x2 + 1) + (Cx + D)(x* + 4)
=(A+ C)x>+ (B+ D)x*> + (A+4C)x + (B +4D)
A=1, B=-3, C=0, D=1
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Integration of Rational Function

Method of Partial fractions

Now we can write:
x3—2x2+x+l_x—3+ 1
XA +5x2+4 x24+4  x2+1

x3—2x2 4+ x+1 x—3 1
/ dx:/[ +
x4 +5x2+4 x24+4 x2+1

Jdx

1 3
:Eln\x2+4]—Etanflg—i—tan*lx—i-c
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Integration of Rational Function

Method of Partial fractions

2
3
Determine / ;;dx
Xs—x—=2
Note that degree P(x) > degree Q(x)

Here Divide First

P43 L xH5
x2—x—=2 x2 —x—=2
x+5 x+5 A B

= = =
x2—x—-2 (x=2)(x+1) x—2+x+1
x+5=Ax+1)+B(x—2)x=2=7=3A=A=1

x=-1=4=-3B=B="
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Integration of Rational Function

Method of Partial fractions

Now we can write:

x?+3 7 4
S R -
x2—x—=2 3(x—2) 3(x+1)

x2+3
T g =
/x2—x—2 x /

:x+gln‘x—2‘—gln’x+l’+c

7 4

3x—2) 31D |~

1+
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Integration of Rational Function

Method of Partial fractions

Example 2.6

x*+1
ine | = d
Determine / I D02+ x+ 1) Ix
Note that degree P(x) > degree Q(x)

x*+1 2x2 +3x +3
=(x—2)+ 5
(x+1)(x2+x+1) (x+1)(x2+x+1)
2x% +3x +3
/:/(X_z)dx+/ FXHS o
(x+1)(x*+x+1)
—_——
h I
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Integration of Rational Function

Method of Partial fractions

Now for I, we have de to applied method of partial fraction
2x>+3x+3 A Bx + C
(x+1)(x2+x—|—1)_X+1+x2+x+1’
= 2x2+3x+3=A(x®2+x+1)+ (Bx+ C)(x +1)
=Ax° 4+ Ax+ A+ Bx*+Bx+ Cx+C

=(A+B)x*> +(A+ B+ C)x+(A+ ()

A+B=2
A+B+C=3
A+ C=3

So: A=2, B=0,and C = 1.
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Integration of Rational Function

Method of Partial fractions

Now we can write:

2x>+3x+3 2 N 1
(x+1D(x2+x+1) x+1 x2+x+1

2x%2 4+ 3x +3
I=h+h=[(x-2)d
1R /(X X+/ (x+ D)2 +x+1)""

= —2)d —d —d
/(x ) X+/X+1X+/X2—|—X+1X
h i b))

I
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Integration of Rational Function

Method of Partial fractions

1 1
J :/7d :/—dx
2 X+l X2+ x+1+3

2 2x+1
= x = —tan +c
/x+ =g R0

So,

/ x4 1 dx=h + Jh + J
D0 x T T2
2

2x +1
V3

) +c

2
= x% —2x+2In|x + 1|+ —=tan"}(
—_— —

V3

h h S
p)
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Integration of Rational Function

Exercises

6x+7
0/ X+2

—2x+4
d
9/ (x2+1)(x —1)? X

° /X2—|—2x—3dx

2
0/ x—12(x+1)dx

x3 —5x+7
2 / X2~|—x—
x3—11x — 26
d.
O/ X2 - 2x—-8 x

°/x<x2+1)
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