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X}

Answer the following questions:

Q1: [4+5]

(a) For the Markov process {X,}, t=0,1,2,...,n with states g, 15, .. ,0, 4,1

"n-1'"n

Prove that: Pr{X, =i, X, =i;,X, =i,, ... X, =i, }=p, P P, .. P, where p_=pr{X,=i,}

n U1t

(b) A Markov chain X, X,, X,,... has the transition probability matrix

0O 1 2
0/0.2 0.3 05
P= 1|04 05 0.1
2103 0.2 05

and initial distribution p, =0.3 and p, =0.7 . Determine the following probabilities
1) pr{XO =1 X =1X, :O}

i) pr{Xz :0}

Q2: [5+4]

(a) Consider a spare parts inventory model in which either 0, 1, or 2 repair parts are demanded
in any period, with Pr{& =0}=0.3, Pr{¢ =1}=0.2, Pr{& =2} =05 and suppose s=0 and S=3.
Determine the transition probability matrix for the Markov chain {Xn}, where X, is defined to
be the quantity on hand at the end of period N.

(b) Let X denote the quality of the nth item that produced in a certain factory with X =0 meaning

“o00d” and X, =1 meaning “defective”. Suppose that {X,} be a Markov chain whose transition matrix is



0 1
_0[0.99 0.01
"~ 1/l0.12 0.88

i) What is the probability that the fourth item is defective given that the first item is good?
i) In the long run, what is the probability that an item produced by this system is good?
Q3: [7]

Consider the Markov chain whose transition probability matrix is given by

o 1 2 3

o1 0 O O
p= 1102 04 03 O.
2)0.1 05 03 0.
3]0 0 0 1

(i) Starting in state 1, determine the probability that the Markov chain ends in state 0.
(i) Determine the mean time to absorption.

(ili) Sketch, the Markov chain diagram, and determine whether it’s an absorbing chain or not.




Q1:[4+5]

Pr{X, =ig, X, =i;,X, =i, .. X =i }.Pr{X =i X, =io, X, =i;,X, =i, .. X, =i}
Pri{X, =iy, X, =i;,X, =iy, ....X,; =i,,}.P,_, Definition of Markov
By repeating this argument n —1 times

L PH{X, =i, X, =1, X, =1y, 0 X, =i, )

R )

=p; PP, P i P wherep, = Pr{X, =i, is obtained from the initial distribution of the process.
(b)

i) pT’{XO =1X, =1X,= 0} =p,Pi:Pyo v Pi= pT{Xo =l}
=0.7(0.5)(0.4)
=0.14

||) 0 pT{XZ :0} :p’f’{Xz :0|X0 :O}pr{Xo :0}
+pr{X, =0|X, =1} pr{X, =1}
=Pohy+Pol, . B =03, =07

02 03 05][02 03 05
and P2=/0.4 05 01|04 05 01
03 02 05/ 03 02 05
0.31 0.31 0.38
=/ 031 0.39 0.30
029 029 0.42
- pr{X, =0} =0.31(0.3)+0.31(0.7)
=0.31

Q2: [5+4]
(2)



-1 0 1 2 3
-1/0 0 05 02 03
0 0O 05 02 03
05 02 03 0 O
0 05 02 03 0
0 0O 05 02 03

w N P o

P, =Pr(¢,,=5-7) ,i<s forreplenishment
P, ,=Pr(¢,,,=4)=0 , B,=Pr({,,=2)=05
P, =Pr(¢,,,=i-j7) ,s<i<S§ fornon-replenishment

B 4=Pr(¢,,=2)=05 ,R,=Pr(5,,=0)=03 FB,=Pr(5,,,=1)=02

1+1

(b)
i)

~10.3152 0.6848
pri{X, =1|X, =0} = pj, =0.0263

i)

In the long run, the probability that an item produced by this system is good is given by:

3 {0.9737 0.0263}

0.12

T 0.01+0.12

=E=92.31 % ,
13

b/ (a+Db)

b a

H b b

where lim P" =| " ¢
n—s b _a

a+b a+b

Q3: [7]

o 1 2
o)1 0 0 O
p= 1102 04 03 O.
2|01 05 03 O.
30 0 0 1



u, = pr{X, =0|X, =4} fori=12,
and v, =E[T'|X, =4] fori=1,2.
(i)

Uy = Pyo + Pryy + Proly

Uy = Pog T Pty + Dpplhy
—

u, =0.2+0.4u, +0.3u,
u, =0.14+0.5u, +0.3u,

=
6u, —3u, =2 (1)
Su, —Tu, =-1 (2)

Solving (1) and (2), we get
w =3 and u, =3
Starting instate 1, the probability that the Markov chain ends in state O is
u = uy, =3 =0.6296
(ii) Also, the mean time to absorption can be found as follows

v, =14 pyo + Py,

v, =1+ Py + pyy0,
—

v, =1+0.4v, +0.3v,
v, =1+ 0.5y, +0.3v,

=
6v, —3v, =10 (1)
Sv, —7v, =-10 (2)

Solving (1) and (2), we get



Markov Chain Diagram



