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Answer the following questions:
Q1: [4+4]

a) For the Markov process {Xt}, t=0,1,2,...,n with states io,il,iz, ST

1"n-11"n

Prove that: Pr{XO =1y, X, =1;,X, =1,, ... , X, =in} =p. b, L

LI TR

. B, where p, = pr{xo — io}
b) A Markov chain X,,X,,X,,.. has the transition probability matrix

0o 1 2
0/0.2 0.3 05
P= 1|04 0.2 0.4
2105 03 0.2

and initial distribution p,=0.5 and p,=0.5 Determine the probabilities
pr{X,=1X,=1X,=0} and pr{X;=1X,=1X,=0}

Q2: [6+3]

a) Consider a spare parts inventory model in which either 0, 1, or 2 repair parts are
demanded in any period, with Pr{¢ =0}=0.3, Pr{& =1}=0.2, Pr{& =2}=0.5 and
suppose s=0 and S=3. Determine the transition probability matrix for the Markov
chain {X,}, where X, is defined to be the quantity on hand at the end of period n.

b) Let {X,} be a Markov chain for daily weather with two states 0, 1 (0 for dry day

n

and 1 for rainy day) has the transition probability matrix

0 1
P_OOJ 0.3
" 10.4 0.6



What’s the probability for the weather to be dry today and rainy on the coming
two days?

Q3: [8]
A Markov chain X,,X;,X,,.. has the transition probability matrix
0 1 2
0(0.5 0.2 03
P=1)05 0.1 04
2103 0.2 0.5

Every period that the process spends in state 0 incurs a cost $4. Every period that
the process spends in state 1 incurs a cost of $7. Every period that the process
spends in state 2 incurs a cost of $5. What is the long run mean cost per period
associated with this Markov chain?




Pr{XO =1, X, =1,X, =1,, .., X = in}

Pr{X,=ip, X, =0;,X, =i, .. X, =i ,}.Pr{X =i,
({Xy =ig, X, =1, X, =1, . X, =1} P

By repeating this argument n —1 times

L Pr{X, =i, X, =iy, X, =iy, o0 X, =i, )

1 n

Xo =i Xy =1;,X, =1y, 0 X, = infl}

Definition of Markov

=P, PPy, - P P, wherep, =Pr{X,=i,} is obtained from the initial distribution of the process.

b)

i) pr{X,=1X,=1X, =0}=p,P,P,, p, =pr{X,=1}
=0.5(0.2)(0.4)
=0.04

i) pr{Xl =1,X,=1X; = 0}= P.P,Py ., P =pr {X1:1}
pr{X,=1} = Pr(X,=1|X, = 0) Pr(X, =0) + Pr(X,=1|X, =1) Pr(X, =1) + Pr(X,=1|X, = 2) Pr(X, = 2)
= Olpo + Pllpl + P21p2
=0.3(0.5)+0.2(0.5)=0.25
~pr{X, =1,X,=1,X, =0} = 0.25(0.2)(0.4) = 0.02

Q2: [6+3]

-1 0 1 2 3
-1f0 0 05 02 03
0ojo 0 05 02 03
1105 02 03 0 O
210 05 02 03 0
3 0 05 02 03

P, =Pr(¢,,,=5-7) ,i<s forreplenishment

P, ,=Pr(¢,.,=4)=0 , F;=Pr(¢,,,=2)=05

P, =Pr(&,,,=1i-j) ,s<i<S fornon-replenishment

P _,=Pr(¢,.,=2)=05 ,B,=Pr(&,,,=0)=03, P,=Pr(¢,,,=1)=0.2



b)
Pr(X,=1|X, =0)= R}

0.7 0. SHHO 7 0.3”

2

0.4 0604 06
_Jo.61 0.39
052 0.48
- Pr(X,=1|X, =0) =0.39
Q3: [8]
2
7[] :Zﬁkpkj
k=0
at j=0

= m,=0.57,+0.57, +0.37,
5.5y =57, -371,=0 (1)

at j=1

7w, =0.27,+0.17, +0.27,
S 21wy —9m +27,=0 (2)

and = my+m+m,=1 (3
*. By solving equations (1), (2) and (3)

Weget 7, =0.4205, 7, =0.1818, =, =0.3977

The long run mean cost per unit period is

2
C= Z 7TiC;
=0

=7T4Cy + 0+ L0,
=$4.9431



