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 Idea of Random Number Generators

Why we need Random Generators in simulation

 Pseudo-Random Numbers

• Linear congruential generator (LCG)

• Definitions: Seed, Period, Cycle , Streems

• Conditions for LCG Full Cycle

• Numerical Examples

 Random Streams

• What is random streams?

• How to get multiple random streams?

• Why do need to change random streams?
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 Testing outputs of Random Number Generators

Why do we the test?

 Statistical Tests of (0,1) Random Numbers

 P-Value

 Chi-Squared Goodness-of-Fit Test

• Main idea of the test

• Hypotheses of the test

• The decisions of the test

• Numerical Example

 Kolmogorov–Smirnov Test (K-S test)

• Main idea of the test

• Hypotheses of the test

• The decisions of the test

• Numerical Example
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▪ Any random number generator must produce 

sequences of numbers that appear to be 

independent and identically distributed (IID) 

U(0, 1) random variables

▪ The hypothesis that a sample from the generator 

is IID U(0, 1) must be made and the hypothesis 

must be statistically tested.
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Distributional Tests

Given that we have a sequence of numbers, null 

hypothesis is that the generated numbers are 

uniformly distributed on the interval 0 to 1 and the 

alternative hypothesis that the generated numbers 

are not uniformly distributed on the interval 0 to 1

H0: Ui ~ U(0,1) versus H1: Ui not U(0,1)
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Distributional Tests

H0: Ui ~ U(0,1) versus H1: Ui not U(0,1)

We can do the test by one of two ways
• pre-specifying the Type 1 error (the confidence level ) 

and comparing to a critical value (Value to Value 

comparison)

• pre-specifying the Type 1 error (the confidence level ) 

and comparing to a p-value (Probability to Probability 

comparison)

𝛼 = P(Type 1 error) = P(rejecting the H0 when it is true)
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p-value:

▪ The p-value for a statistical test is the smallest 𝛼 level 

at which the observed test statistic is significant. 

▪ The smaller the p-value, the more the result can be 

considered statistically significant. Thus, the p-value 

can be compared to the desired significance level, 𝛼. 

▪ The testing criterion is

•  If the p-value > 𝛼, then do not reject H0

•  If the p-value ≤ 𝛼, then reject H0.
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Main idea
If observation are taken from U[0,1] then on 

average number of data in each interval is equal. 

▪ The chi-square test divides the range of the data 

into, k, intervals.

▪ Count the number in each interval 

▪ the number of observations that fall in each 

interval is close the expected number
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Test Steps:
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Example:



OR 441 
K. Nowibet

Chi-Squared Goodness-of-Fit Test

11

Example:

Start Interval End Interval Diff. between #End and #Start
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Example:
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Exercise :

Given the following data, test the hypothesis 

that the data appears U(0, 1) versus that it is 

not U(0, 1) using the Chi-Square test at the

𝛼 = 0.05 significance level.

Use k = 6 intervals

n Un
1 0.651

2 0.222

3 0.836

4 0.991

5 0.210

6 0.308

7 0.400

8 0.031

9 0.552

10 0.049

11 0.268

12 0.660

13 0.849

14 0.438

15 0.883

16 0.833

17 0.417

18 0.156

19 0.897

20 0.597
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Main idea
If observation are taken from U[0,1] then the graph 

of the empirical distribution of the observation 

follows the CDF of U[0,1] distribution.

(K-S) Test 

for tabulating the test statistic.
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Steps
Suppose we have a sample of data xi for i = 1, 2,…, n 

▪ Sort the data to obtain x(i) for i = 1, 2,…, n, with x(1) is the 

smallest, x(2) is the 2nd smallest,… , x(n) is the largest 

value. 

▪ Empirical distribution function is the proportion of the 

data values that are less than or equal to the ith order 

statistic x(i) for each i = 1, 2, … , n,
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Steps

▪ From x(i) , i = 1, 2,…, n, the empirical distribution gives :

Pr{X  x(1)} = 
1

𝑛

Pr{X  x(2)} = 
2

𝑛

Pr{X  x(3)} = 
3

𝑛

…

Pr{X  x(n)} = 
𝑛

𝑛
= 1 
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Steps
Finally, Compute the values:

Dn : is the maximum vertical 

distance between the empirical 

curve and the theoretical curve

D0 = max { D , D+ }
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Test Decision

▪ Reject the null hypothesis (H0 : x ~ U[0,1]) if Dn is 

greater than the critical value D𝛼 , where 𝛼 is the 

significance level.

▪ The K-S test statistic, Dn, represents the largest vertical 

distance between the suggested  distribution and the 

empirical distribution
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Example:
Consider the same data 
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Example:
Compute the following table
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Example:
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Exercise:

Given the following data, test the hypothesis 

that the data appears U(0, 1) versus that it is 

not U(0, 1) using the Kolmogorov–Smirnov 

Test (K-S) test at the 𝛼 = 0.05 significance 

level.

n Un
1 0.651

2 0.222

3 0.836

4 0.991

5 0.210

6 0.308

7 0.400

8 0.031

9 0.552

10 0.049

11 0.268

12 0.660

13 0.849

14 0.438

15 0.883

16 0.833

17 0.417

18 0.156

19 0.897

20 0.597


