Chapter 5:
Generating Random Numbers
from Distributions

Refer to Reading Matrials:
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Inverse Transform (Continuous Dist.)

= First, generate a number u; between 0 and 1 (one
U-axis) and then find the corresponding X;
coordinate by using F71(+).

= For various values of u;, the x; will be properly
“distributed” along the x-axis.

» This method iIs that there Is a one-to-one mapping
between u; and x; because of the monotone
property of the CDF.



2. Inverse Transform (Discrete Dist.)

» The inverse CDF method also works for discrete
distributions.

= Adiscrete random variable, X, with values X, X,, ..., X;
the probability mass function (PMF) and denoted

f(x;) = P(X =x;)
Zf(xi) =1
i=1

Foy=PX <x)=)» f(x)
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2. Inverse Transform (Discrete Dist.)

= Given a PMF for a discrete variable X

X a, a, a, a, as
P{X} P1 P, P3 P4 Ps
With 0<p; <1

PP, P3P P =1

= The CDF of X Is:

X ay a, a, ay as
P{X<a} p; P1+Py  PytPtP; PP +Ps P, P1+Po P3P, TPs

* We need to have for any u~ U[0,1] a value from X.
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2. Inverse Transform (Discrete Dist.)
= The CDF graph

PPy +Pstp,tps =1

P1+Py+P3+P,




2. Inverse Transform (Discrete Dist.)
» From the CDF graph: for u~ U[0,1]

If 0<u <p,
Return X =a, P1+Py*+Ps+Py+Ps = 1
If p, <u <p;+p, P1+Po+Pa+Ps
Return X = a, PrHP*Ps
It p,+p,<u <p;+p,+p; PP
Return X = a,4 ;
1
If p;+p, tP; S U < p;+p,+p;+p,

Return X =g,

It p+p,+p3+p,<u <1
Return X = ag



2. Inverse Transform (Discrete Dist.)

Example:

given as follows:

( 0.0
0.4 x=1
0.4
0.3 x=2
P{X =x} =+ F(x) =40.7
0.2 x=3
0.9
0.1 x=4
L 1.0

he functional form of the PMF and CDF are

if x<1
if 1<x<?2
if 2<x<3
if 3<x<4
it x>4



2. Inverse Transform (Discrete Dist.)

Example:

0.4

1.0 -
0.9 -
0.3
0.7
0.2
0.4
0.1
—8
0 1 2 3 4 % 9 0

Figure 2.4 Example of (a) PMF and (b) CDF.



2. Inverse Transform (Discrete Dist.)

Example:
The inverse transform function is: u~ U[0,1]
. 1.0 A
1 if00<u<04 '
0.7 -
2 if 04 <u<0.7
Flay={7 | ‘=
3 if 0.7<u<0.9 0.4 1
4 if 09<u<1.0
) —1 ° 0
Let
u=0.3021 - X=1
u=0.9267 - X=4
u=0.5694 > X=2



2. Inverse Transform (Discrete Dist.)
Bernoulli (p)

X ~ Bernoulli(p)
Pr{X=1}=p and Pr{X=0}=1-p

For u~ U[0,1]
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2. Inverse Transform (Discrete Dist.)

Example

X ~ Bernoulli(p=0.75)
Pr{X =1} =0.75 and Pr{X=0}=0.25
For u~ U[0,1]

)

1 ; 0<u<0.75

-1 _
FO™ =10 S075<u<1

et

u=03021—-> X=1
u=0.926/— X=0
u=05694—-> X=1
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2. Inverse Transform (Discrete Dist.)

Discrete Uniform(a, b)

X ~ DUJa, b]

Pr{X=x}=1/n as<x<b

N : number of integer values between a and b

For u~ U[0,1]
Fut=a+[(b—a+1Duj

[y] = the Integer part of y
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2. Inverse Transform (Discrete Dist.)

Example
X ~DUI-1, 3]

Pr{X =x}=1/5 x=-1,0,1,2,3

For u~ U[0,1]

Fwtl=—-1+[4+ Du]
et
u=0.0321 —» X=-1+1[5(0.0321)] = -1
u=0.9267 > X=-1+[5(0.9267)] =3
u=05694 —» X=-1+[5(0.5694)] =1
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2. Inverse Transform (Discrete Dist.)

Binomial (n,p)

X ~ Bin(n,p) - P{X=k} = () p*(1 — p)"
= Compute CDF

k

P{X < k} = 2 (7:) p'(1—p)™"
i=0
= Do the Inverse function as descried in the
example.
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2. Inverse Transform (Discrete Dist.)

Example
Let X ~ Bin(n=5, p=1/3)

pid=(3) (5) ()
= Compute CDF

P{X <k} = Zko (f) (%)l (§>5—i

K 0 1 2 3 4 5

P{X=k} 0.132 0.329 0.329 0.165 0.041 0.004

P{X<=k} | 0.132 0.461 0.790 0.955 0.996 1.000




2. Inverse Transform (Discrete Dist.)

Example
Let X ~ Bin(n=5, p=1/3)
k 0 1 2 3 4 5
P{X=k} | 0132 | 0329 | 0329 | 0.165 | 0.041 | 0.004
P{X<=k} 0.132 0.461 0.790 0.955 0.996 1.000

» Compute the inverse function: For u~ U[0,1]

If
If
If
If
If
If

0<u<0.132

0.132<u <0461
0.461 <u<0.790
0.790 <u <0.955
0.955<u <0.996

0.996<u <1

Then
Then
Then
Then
Then
Then

K=0
K=1
K=2
K=3
K =4
K=5
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2. Inverse Transform (Discrete Dist.)

Geometric (p)
X ~ Geo(p) — P{X=k} = (1 — p)*"1p
= Compute CDF

k
PX <K} = ) (1-p)p
1=0

= The Inverse function is given by

In(1—u)

X=Fu)"= n(i=p)

[y] Is the Integer part of y
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2. Inverse Transform (Discrete Dist.)

Example

Let X ~ Geo(p = 0.35)
P{X=k} = (0.65)*71(0.35)

= The Inverse function Is given by

In(1—u)

' In(0.65)

X=F) =

Let u~ U[0,1]
U=00321 — X = [ln(0.9679)] _ [—2.61232] = [0.075] = 0

In(0.65) | | -0.4308

U=0.9267 — X = [R5 _ |995B] _ 6 066] = 6
! In(0.65) : :—0.4308:

U=05694 — X = [M(Q4306)] _ [-08426] _ 1y 9551 = 1
| In(0.65) | | —0.4308.
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