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▪ First, generate a number ui between 0 and 1 (one 

U-axis) and then find the corresponding xi

coordinate by using F−1(⋅). 
▪ For various values of ui, the xi will be properly 

“distributed” along the x-axis. 

▪ This method is that there is a one-to-one mapping 

between ui and xi because of the monotone 

property of the CDF.
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▪ The inverse CDF method also works for discrete 

distributions.

▪ A discrete random variable, X, with values x1, x2, … , xn

the probability mass function (PMF) and denoted
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▪ Given a PMF for a discrete variable X 

With                      0  pi  1

p1+p2+p3+p4+p5 = 1

▪ The CDF of X is:

▪ We need to have for any u~ U[0,1] a value from X.

X a1 a2 a3 a4 a5

P{X} p1 p2 p3 p4 p5

X a1 a2 a3 a4 a5

P{X ai} p1 p1+p2 p1+p2+p3 p1+p2+p3+p4 p1+p2+p3+p4+p5
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▪ The CDF graph

a1 a2 a3
a4 a5

p1

p1+p2

p1+p2+p3

p1+p2+p3+p4

p1+p2+p3+p4+p5 = 1

u
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▪ From the CDF graph: for u~ U[0,1] 

If  0  u  p1

Return X = a1

If  p1  u   p1+p2

Return X = a2

If  p1+p2  u   p1+p2 +p3

Return X = a3

If p1+p2 +p3  u   p1+p2 +p3 +p4

Return X = a4

If  p1+p2 +p3 +p4  u   1

Return X = a5

a1 a2
a3

a4 a5

p1

p1+p2

p1+p2+p3

p1+p2+p3+p4

p1+p2+p3+p4+p5 = 1
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Example:

The functional form of the PMF and CDF are 

given as follows:
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Example:
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Example:

The inverse transform function is: u~ U[0,1]

Let

u = 0.3021  X = 1

u = 0.9267  X = 4

u = 0.5694  X = 2
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Bernoulli (p)

X ~ Bernoulli(p)

Pr{X =1} = p and      Pr{X = 0} = 1 p

For u~ U[0,1]

𝐹(𝑢)−1 = ቐ

1 ; 0 ≤ 𝑢 ≤ 𝑝

0 ; 𝑝 < 𝑢 ≤ 1
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Example

X ~ Bernoulli(p=0.75)

Pr{X =1} = 0.75 and      Pr{X = 0} = 0.25

For u~ U[0,1]

𝐹(𝑢)−1 = ቊ
1 ; 0 ≤ 𝑢 ≤ 0.75
0 ; 0.75 < 𝑢 ≤ 1

Let

u = 0.3021 X = 1

u = 0.9267 X = 0

u = 0.5694 X = 1
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Discrete Uniform(a, b)

X ~ DU[a, b]

Pr{X = x} = 1/n a  x  b

n : number of integer values between a and b

For u~ U[0,1]

𝐹(𝑢)−1 = 𝑎 + 𝑏 − 𝑎 + 1 𝑢

[y] = the integer part of y
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Example

X ~ DU[-1, 3]

Pr{X = x} = 1/5 x = -1,0,1,2,3

For u~ U[0,1]

𝐹(𝑢)−1 = −1 + 4 + 1 𝑢
Let

u = 0.0321  X = −1 + 5 0.0321 = −1
u = 0.9267  X = −1 + 5 0.9267 = 3
u = 0.5694  X = −1 + 5 0.5694 = 1
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Binomial (n,p)

X ~ Bin(n,p)  P{X=k} = 
𝑛
𝑘

𝑝𝑘 1 − 𝑝 𝑛−𝑘

▪ Compute CDF

𝑃 𝑋 ≤ 𝑘 =෍

𝑖=0

𝑘
𝑛
𝑖
𝑝𝑖 1 − 𝑝 𝑛−𝑖

▪ Do the inverse function as descried in the 

example.
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Example 

Let X ~ Bin(n=5, p=1/3) 

P{X=k} = 
5
𝑘

1

3

𝑘 2

3

5−𝑘

▪ Compute CDF

𝑃 𝑋 ≤ 𝑘 =෍

𝑖=0

𝑘

5
𝑖

1

3

𝑖
2

3

5−𝑖

k 0 1 2 3 4 5

P{X=k} 0.132 0.329 0.329 0.165 0.041 0.004

P{X<=k} 0.132 0.461 0.790 0.955 0.996 1.000



OR 441 
K. Nowibet

2. Inverse Transform (Discrete Dist.)

16

Example 

Let X ~ Bin(n=5, p=1/3) 

▪ Compute the inverse function: For u~ U[0,1]

k 0 1 2 3 4 5

P{X=k} 0.132 0.329 0.329 0.165 0.041 0.004

P{X<=k} 0.132 0.461 0.790 0.955 0.996 1.000

if   0  u  0.132 Then k = 0

if    0.132 < u  0.461 Then k = 1

if    0.461 < u  0.790 Then k = 2

if    0.790 < u  0.955 Then k = 3

if    0.955 < u  0.996 Then k = 4

if    0.996 < u  1 Then k = 5
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Geometric (p)

X ~ Geo(p)  P{X=k} = 1 − 𝑝 𝑘−1𝑝
▪ Compute CDF

𝑃 𝑋 ≤ 𝑘 =෍

𝑖=0

𝑘

1 − 𝑝 𝑘−1𝑝

▪ The inverse function is given by 

𝑋 = 𝐹 𝑢 −1 =
ln(1 − 𝑢)

ln(1 − 𝑝)

[y] is the integer part of y
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Example

Let X ~ Geo(p = 0.35) 

P{X=k} = 0.65 𝑘−1(0.35)
▪ The inverse function is given by 

𝑋 = 𝐹 𝑢 −1 =
ln(1 − 𝑢)

ln(0.65)

Let  u~ U[0,1]

u = 0.0321  X = 
ln 0.9679

ln 0.65
=

−2.61232

−0.4308
= 0.075 = 0

u = 0.9267   X = 
ln 0.0733

ln 0.65
=

−0.0323

−0.4308
= 6.066 = 6

u = 0.5694   X = 
ln 0.4306

ln 0.65
=

−0.8426

−0.4308
= 1.955 = 1


